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The Summation and Product Notations
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* Definition of 3 and []
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Summation Notation

* the Greek letter sigma > Is generally used to denote a sum of
multiple terms. : which denotes the word sum. The
summation notation was introduced in 1772 by the French

mathematician Joseph Louis (1736—1813)

7 niscalled the

n upper limit of the
Zak =a,+a,+a,+--+a, summation
ﬂkzl
_ a, is the formula
kis CC'T‘”ed fthe used to generate
Index tc') each term of the
summation sum




Summation Notation

* Any letter can be used to index a summation

* The index i is a dummy variable; we can use any variable as the index
without affecting the value of the sum, so

n n n
Q. =)a,=)3a
i=1 i=1 k=1



Working in reverse -

Write this series in sigma notation
3+6+ 11+ 18 + 27

3+6+ 11+ 18 + 27

= (1+2) + (4+2) + (9+2) + (16+2)
+ (2542)
= (12 +2)+ (2242) + (3242) +
(42+42) + (52+2)

r=5

> (r°+2)

r=1



Example

1. Write down all the terms of the

series ,_s

(a)zr2 =12 + 22 + 32 + 42 + 52

r=1 =1+4+9+16+25 =
55
r=6
= (3x1-1)+(3x2-1) +(3x3-1) +(3x4-1)

(b)z (Br _1) +(3x5-1) + (3x6-1)

r=1

=2+5+8+11+14+1/7 = 57

I

=

(c)

=

2 = (2x12+3)+ (2x22+3)+ (2x32+3)+
(Zr +3) (2x42+3)

=5+11+21+35 = 72

[



Summation Notation

e Ex: Evaluate the following sum:

4

o ;é;(2i4—3)
_4 (2i+3)=(2-1+3)+(2:2+3)+(2-3+3)+(2-4+3)

=5+7+9+11
=32



Summation Notation

e Ex: Evaluate the following sum:

26:2]+3
j=3

6
> (2j+3)=(2-3+3)+(2:4+3)+(2-5+3)+(2-6+3)
j=3

=9+11+13+15
=48



Properties of Summation:-

n

(ii) k=1
n n
Y c-a,=c) a
k=1 k=1
Note:

" 3(a b, )= iak AN b,
. k=1 k=1



Z(ak) 1<m<n

where c is any constant .



Suppose our list has just 5 numabers, and,
they are 1,3,2,5,6. Evaluate ZX ( j

5
Y XE 1 +3+2°+5°+6° =75

3)
(inj (1+3+2+5+6)" =172 = 289
=1

=1



Summation Notation

e Ex: Evaluate the following sum

+Sol. 3 (1.2 —1.2)

6
k=1

S (1 ok k—l_(1-2_1-21_1)+ (1.22—1.22‘1)+ (1.23—1_23—1)Jr
Z‘(l'z - )_(1.24—1.2“)+ (L2°-1.25%)+ (1.2°-1.2%7)

=0.2+0.24 +0.288+0.3456+0.41472+0.49/664
=1.985984



Write the following summation in expanded form:

Solution:
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Product Notation

The notation for the product of a sequence of numbers is analogous to the
notation for their sum. The Greek capital letter pi, , denotes a product.

[T

For example, 5

I I dp, — di1d>d3zddgqds.
k=1

n
If m and n are integers and m < n, the symbol [] a;, read the product from k
k=m
equals m to n of a-sub-k, is the product of all the terms a,,, a1, ami2, ..., ay.

We write ;

1_[ A = dm A1 Ap42 ** Ay,

k=m
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Product Notation

A recursive definition for the product notation is the following: If m is
any integer, then

m n n—I1
1_[ ay = dy, and l_[ Ay = 1_[ ap | -a, for all integers n > m.

k=m k=m k=m



Example Computing Productsi)

5
[[k=12345 — 120
k=1

|

l—[ ko1 1
k:lk+1_1+1 2

2)



Factorial Notation

For each positive integer n, the quantity n factorial denoted n!, 1s defined to be the
product of all the integers from 1 to n:

n'=n-m-—1)---3-2-1.

Zero factorial, denoted 0!, is defined to be 1: ol = | ifn=>0
0l = 1. o n-n=1D! ifn>1.

Examples: L -
4] = 4e321=24 n!: I I I
=1

a factorial of n items gives the number of ways can arrange the given items.

Bl=5x4x3x2x1=120= Hu
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Example

 Evaluate each factorial expression:

9 3 (n+1)
3171 4141

* How many different ways can you arrange the letters in thB!'word (cat)




Mathematical Induction

Proof by mathematical induction is very useful
method in proving the validity of a
mathematical statement (Vn, p(n))involving
integers n greater than or equal to some initial

Integerx, .



Principle of mathematical induction

If p(n) is a sentence involving the natural number n such that
1) P(1) istrue, and

2) p(k) is true

= p(k + 1)is true for any arbitrary natural number
n

That is “(Vn)P(n)”

Then p(n) is true for every natural number n.




We know that:

using Mathematical Induction which is

a rule of inference that tells us:

P(1)
vk (P(k) — P(k+1))

2022

We can reach step &k + 1 if
we can reach step &

Stepk+ |
Step &

We can reach
step |1

22



If we have a propositional function P(n), and we want to
prove that P(n) is true for any natural number n, we do
the following:

Show that P(k,) is true.
(basis step)

Show that if P(k) then P(k + 1) for any keN.
(inductive step)

Then P(n) must be true for any neN.
(conclusion)
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7}’;:0 Zk: 2n+1 1

Proof :- { by mathematical induction }
letp(n):29+2"+ . +2"n=2""_1vne NU{0}

Base step :- we show that the p(n) is true at n =0
left side (L.S )of p(0) =1
Right side (R.S) of p(0) = 2%t -1
=1
Since both sides are equal therefore p(n)is true when
n=_0.




Inductive step : Assume that p(n) is true ant n=k .

(i.e 20+ 21+ . +2k=2k"_1)forsomek € Z*) andprove p(n)is true at k+1
which states that 20+ 21+ +2k1=2k2_19 (*)

Let us begin with the left side (*)

20421+ |+ 2k = 2k¥1_ 4 4 2k+1 (by hynothesis step)
=2 2k
= k2.1
= right sid (*)

Thus, p(n) holds forn =k +1,
Conclusion: By mathematical induction
The statement P(n) is true for all nonnegative integers



Example 2:-Prove by mathematical induction that
n3 — nis divisible by 3 for all natuaral numbers n> 1



