Inequalities

Inequalities: A mathematical statement that contains >, <, < or > is called inequality.

Example: Solve the following linear inequalities:

1. 2x+5<13
2x+5—-5<13-5

2x <8 (= 2 both sides)
x <4

S.5iS(—,4) or{x € R:x < 4}



2. 4x+3<-9
4x+3—-3<-9-3
4x < —12 (= 4 both sides)
x < -3

S.51S (—o0,—3)or{x € R:x < —3}

3. 1-3x=>2x—-4
—3x—2x=>-4-1
—5x > =5 (= (—5) both sides)
x<1

S.sis(—oo,1]or{x € R:x < 1}



4, 3 —4x<-5x+2<9x+ 8
3—4x < —-5x+2and —-5x+2<9x+8
—4x+5x<2—-—3and -5x—9x <8 -2

x < —1 and —14x < 6 4= (= (—14) both sides)
x<-1and x > _73

S.5iS (—o0,—1] N (_7300) =0

—x

2

—x < 2(3x —5)

5. <3x—5 (X 2 both sides)

—x < 6x—10
—x —6x < -10
—7xs—1o=>x2§

S.S S [g, )



Rule of inequalities:

Let a, b, ¢ are real numbers, then

1.
2.

a<b=at+c<b+c
a<bandc>0=a.c<b.c

a<bandc < 0= a.c > b.c, (special case a < b = —a > —b)

a>0=>%>0
If a and b have the same signs, and a, b + O thena < b =>%>%

If a and b have the different signs, and a,b + 0 thena < b = % < %

a.b > 0,eithera,b>00raq,b <0

a.b > 0,eithera,b >00ra, b <0



9. a.b<0,eithera>0,b<0o0ra<0,b>0

10. %> 0, eithera,b > 0ora,b <0
n.%zammmazab>0masab<o

H.%<Qmmﬂa>ab<0ma<ab>0



Example: Find the solution set of the following:

. x—1>0 and x+3<0
x>1 and x< -3

s.s=(—00,—3)N(1,0) =0

. x—1<0 and x+4>0

x<1 and x> -3
s.s=(—00,1) N (—=3,00) = (—3,1)
s.sis pU(=3,1) = (=3,1)



2x+5
5x+7

>0

. 2x+5>0 and 5x+7>0

2x>-5 and 5x>-7
x>_—5 and x>_—7
2 5
_ (-5 —7 _ 7
S_S_(7,Oo)n(?,00) - (5 ,OO)

. 2x+5<0and5x+7<0

2x <=5 and 5x < -7

-5 -7
x<—and x < —
2 5



3. <1 =-1 _1<0
2x-3 2x—3

1—2x+3
2x — 3

<0

—2x+ 4
2x — 3
. —2x+4>0 and 2x—-3<0

<0

—2x > —4 and 2x <3
3 3
x <2 and x < S = S8= (—oo, 5)

. —2x+4<0 and 2x—-3>0

—2x < —4 and 2x >3

x> 2 and x> % =35.5= (2, ™)

.5 1S (—0o, %) U (2,00) = R\[%, 2]



3
x—4

4. <0

since3>0,thenx—4<0=>x<4

S.5 1S (—00,4)

3
x2-2x+5 —

5.

Since3 >0

= x%2-2x+5<0

a=1,b=-2c=550 ()2 =1
x?-2x+1-1+5<0
A(x=1)2+4<0
NI
Always positive +4 < 0 (X))

SsS=0

ax? + bx + (g)2 — (g)2 +c



2. x*-x-12=0
x+3)(x—4)=0

i. x+3=20 andx—-42>0
x=—3andx =>4

s.s=[—3,0) N [4,0) = [4, )

. x+3<0 andx—4<0
x<—3andx <4

5.5 = (—00,—3] N (—o,4] = (—o0,—3]

+ 8.5 1S (=00, —3] U [4,00) = R\(—3,4)



Example: Find the solution set of the following:

1. Prove that v/3 is an irrational number.
2. x>+3x+10=>0

3. x2—-2x+1>0

2x+5

4. 5x+7

5 3—6x >0
7x+1

6. x(x—1) <0
xX—2

7. x+1 > 0



Absolute value

The absolute value of any real number x is defined as:

x,x =0
|x| =
—x,x<0

Example: |[-3| =3,|5|=5,[0] =0

Geometrically the absolute value of the x is the distance from 0 to x.

%<0 x| | x| %=0
o i O



Properties of absolute values: Letx,y € R, then

1. |—x|=x
2. x| =Vx?
3. |x-yl=lx|- |yl

4, EFﬁﬁyio

5. |x+y| <|x|+ |yl (thetriangle inequality)

Proof 5: ifx>0andy>0=x4+y >0

x < |x|, y < |yl
x+y<|x|+|yl. e (D)
fx<0andy<0=>x+y<0

—x < |x|, —y < |y|



—x =y < |x| + |yl

—(x+y) < [x[+ |yl

x+y=—[lx|+[yl] oo (2)
From (1) and (2) we get

—[lxl+lyll<x+y <|x|+ |yl =Ix +y| < |x| + |y

Remark: If Dis a positive number, then

1. |x| =D & eitherx=—-Dorx=D
2. |x| <D & —-D<x<D
3. |x| <D S —-D<x<D

4. |x| > D & eitherx < —-Dorx>D



More generally,
6. |[x—al =D eitherx =a—Dorx=a+ D

a—D<x<a+D

=

7. |lx—al <D & a—-D<x<a+D
8. |x—al <D =
=

eitherx <a—Dorx>a+ D

9. |[x—a|>D

Some other properties

1. |[x] >x, Vx ER =5SSIiSR
2. —|x]| <x, Vx ER =5SSIiSR
3. |x| >x,x<0,s5is (—,0)

4. |x| <x, s.sis@®



5. |x] = x,x =0, s.sis [0, )
7. |x] < —x,s.5is @

8. |x| < x,s.5is [0, 00)

Example: Find the solution set of the following inequalities

1. [2x—-1|<3
—3<2x—1<3
—-34+1<2x—-1+1<3+1
—2<2x<4

= -1<x<2

s.s= [—1,2]



2. 13+x|<1
3+x>1 or 3+x<-1
x>1—-3 or x<-1-3
x> —2 or x<-—4

S.5= (—OO’ _4) U (_2; OO) = R\[_4) _2]
3. 2x—-1|<-3= ss5=0

4. 2x—-1|>2x-1
2x—1<0 bydef |x|>x

1
2x<1:>x<§

1
s.s= (—oo, E)



5 2x—1|>1-2x=[2x— 1| > —(2x—1)

2x —1>0 bydef [x|]> —x

1
2x>1=>x>§
1
S=(=,00
s = (5, )
x—4
6. |5 =1

"‘—;4' <1 («5 both sides)

lx —4| <5
—5<x—-4<5=>-544<x—-44+4<5+4

—1<x<9

~s.s=[—1,9]



7 |2‘T31|>4=>i>4=>3>4|2—x|,

|2—x]|

3 -3 3
2 —x|<-">=>—<2—-x<-=
4 4 4

B 2«22 x<3_7
4 4

11 -5 11 -5
I —_ _ﬁ_ —_—
4 ST T T,
Cox<

4

-5 11

Therefor s.s = (T’ T)

=3[ =3



Example: Solve the inequalities:

1. [2x+5|=3
2x+5=-3 or2x+5=3
2x+5—-5=-3-5 o 2x+5-5=3-5
x = —4 or x=-1

The solutionsare x = —4and x = —1

2. 3x-2|<le-1<3x-2<1
—1+2<3x—-2+2<1+2

1<3x<3 (+3)

<x<1

Wl

1

S.S= [3, 1]



Example: Find the solution set of the following inequalities

1 |x2—2x+4|=>x2-2|x+1|+6
|x%2 — 2x + 4|=x%? — 2x + 4
x> —=2x+4>x*-2|x+1|+6
—2x+4—-6=—-2|x+ 1|
—2(x+1D)=2|x+1=>x+1=<|x+1]
Ix+1|=2x+1

~S8.5= R by def. |x| = x



2. |5—-2x|<-3
Since |5 — 2x| is always positive

5 8.5= 0

3. |[4x+5|>7 (negation)

|4x + 5| <7
—7<4x+5<7

—7-5<4x+5-5<7-5
—12<4x <2 (+4)

—3<x <-=s5= [—3,1]
2 2

~$50f [4x + 5] > 7 is R\[-3,7]



another way |4x+ 5| > 7

4x +5 < -7 or 4x +5>7

4x+5—-5<-7-5 o 4x+5—-5>7-5

4x < —12 or 4x > 2

1
= x < -3 or x>5

5.5= (—00,—3) U G 00) = R\[—3»%]

4. 1<|x-—-1|<3
lx —1| > 1 or
x—121 ,x—-1< -1
X =2 x<0
—2<x<0 or 2<x<4

~s.s=[—2,0] U [2,4]

lx —1] <3
—-3<x-1<3

—2<x<4



5. [x|>|x—1]

. x<O0
—x> (x—-1)=>-—x> x+1=0>1

s.s= 0@

i. 0<x<1

x> x+1=>x+x>1

2x > 1= x>%, (%,00)

no solution



. x=>1
x> x—1

0 > —1 always true, [1, )

s.s= QU G, 1) U [1, )



